DUAL BIALGEBROIDS FOR DEPTH TWO RING EXTENSIONS 
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^ ' Abstract. We introduce a general notion of depth two for ring homomor- 

Q , phism N ^ M, and derive Morita equivalence of the step one and three 

. centralizers, R = C'm{N) a^nd C = End j^_i,j{M (gijv M), via dual bimodules 

• and step two centralizers A = End ivAfjv and B = (M (J^jv M)^ , in a Jones 

C " 3 ' tower above JV — > M. Lu's bialgebroids End^A' and A' igife A'°'^ over a fc- 

^SJ , algebra A' are generalized to left and right bialgebroids A and B with B the 

-R-dual bialgebroid of A. We introduce Galois- type actions of A on M and B 
on End pfM when Mjv is a balanced module. In the case of Frobenius exten- 
' sions M|Af, we prove an endomorphism ring theorem for depth two. Further in 

the case of irreducible extensions, we extend previous results on Hopf algebra 
and weak Hopf algebra actions in subfactor theory [ p9| and its general- 
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k Hqpi : 

r~| i izations [ p^ , pc| by methods other than nondegenerate pairing. As a result, 

we have concrete expressions for the Hopf or weak Hopf algebra structures on 
the step two centralizers. Semisimplicity of B is equivalent to separability of 
the extension M\N. In the presence of depth two, we show that biseparable 
extensions are QF. 
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1. Introduction 



Poisson and symplectic groupoids were introduced by Weinstein in ^] in 
the late eighties. The notions extend to noncommutative algebra via Lu's notion of 
. Hopf algebroid |Q or bialgebroid with antipode. Some time before this, Takeuchi 

|40[ introduced the notion of x j^-bialgebras based on studies of isomorphism classes 
of simple algebras and earlier work by Sweedler . A special case of this extended 
' notion of bialgebra is Ravenel's commutative Hopf algebroid introduced in the study 

^ . of stable homotopy groups of spheres p2|. Etingof and Varchenko associated 

^ ' a Hopf algebroid to any dynamical twist . 

There is a quite different motivation coming from physics. In algebraic quantum 
field theory the quest for finding a 2 dimensional analogue of the Doplicher- 
^ , Roberts theorem [Q (applies to quantum field theories in c? > 3 spacetime di- 

mension) has lead the authors of ||^ to introduce weak C*-Hopf algebras (called 
also quantum groupoids |2^). The basic theory of weak Hopf algebras have been 
developed in & ^ . It turns out that bialgebroids and x ^-bialgebras are 
equivalent while weak Hopf algebras, Hayashi's face algebras, Maltsino- 
tis's groupoid quantiques and the finite dimensional version of Vallin's Hopf bimod- 
ules occur as special cases Q . 
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In this paper we will bring the notion of bialgebroid together with a notion of 
depth two in the classification of subfactors |^ . Finite depth is a property of the 
standard invariant of the Jones tower of subfactor pair TV C M 0, 0. One forms 
the Jones tower TV C A/ C Mi C Ah C • • • by iterating the basic construction 
Mi = {Mi-i,ei) where the Ci are the braidlike idempotents. The tower of relative 
commutants are the finite dimensional semisimple algebras Vn = Hom Ar_M„(TVf„). 
Finite depth is then the condition that the generating function X]n>o dim(V^)a;" 
be rational; of depth n if Vn — Vn-ienVn-i- Depth two inclusions are fundamental 
among finite depth finite index inclusions via a Galois correspondence with weak 
C*-Hopf algebras and their coideal *-subalgebras (in a role similar to Ocneanu's 
paragroups). 

In this paper we investigate the fundamentals behind this trend beginning in 
operator algebras and noncommutative Galois theory of associating groups and 
quantum algebras to certain finite depth algebra extensions. Noncommutative Ga- 
lois theory for operator algebras was the point of departure for Vaughan Jones's 



theory of subfactors [g^. In [g9|, 23 finite dimensional Hopf C* -algebras or Kac 
algebras are associated to finite index irreducible subfactors of depth two. In 
certain weak Hopf C*-algebras are associated to non-integer index subfactors 
of finite depth with Galois correspondence [^. In the depth two notion and 
results of are extended to an algebraic analog without trace: certain semisim- 
ple Hopf algebras are shown to have a Galois action on split separable Frobenius 
extensions with trivial centralizer. As we show in Section 8 of this paper, a similar 
Hopf algebra H may be associated to an irreducible Frobenius extension M|iV of 
depth two; semisimplicity or cosemisimplicity of H being equivalent to M\N being 
a split or separable extension respectively. Even the assumption of triviality in [ pis) 
for the centralizer may be relaxed to separability (or absolute semisimplicity) at the 
price of obtaining weak Hopf algebras, or quantum groupoids In each of these 
papers, it was essential to establish the quantum algebra properties of B together 
with its dual A via a nondegenerate pairing. 

In this paper we propose a completely general notion of depth two for a ring 
extension M\N which allows the construction of bialgebroid structures on the cen- 
tralizers A and B directly without a nondegenerate pairing. In Section 2 we extend 
the theory of bialgebroids to cover left and right bialgebroids and their duals, ac- 
tions and smash products. We define depth 2 ring extension in Section 3 and derive 
from a certain extension of Morita theory (cf. Section 1.1) the basic classical prop- 
erties among the step 1, step 2, and step 3 centralizers in a Jones tower above a 
depth 2 extension M\N: the large centralizer C is Morita equivalent to the small 
centralizer R (with no conditions imposed on it) while the step 2 centralizers A and 
B are the Morita bimodules dual to one another and implementing the equivalence. 
In Section 4 we show directly that A is a left bialgebroid over R with left action 
on M: if Mm is balanced, the invariant subalgebra is N. We show that End M^r 
is isomorphic to a smash product of AI with the bialgebroid A over i?, which is 
a basic step toward a Galois theory for bialgebroid actions. In Section 5 we show 
directly that i? is a right bialgebroid with right action on End ^M and subalgebra 
of invariants M. A and B are generalizations of Lu's bialgebroids in ||2j. Section 3] 
to noncommutative ring extensions, and are shown to be i?-dual to one another in 
Sections 2, 3 and 5. In Section 6 we specialize to the case where Af | is a Frobenius 
extension. We answer a question in |l9|] by showing that depth two passes up to 
the endomorphism ring extension. In Section 7 we show that A and B specialize to 
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Depth 2 Frobenius Extension 


Centralizer 


Dual Quantum Algebras with Galois Actions 


biseparable algebra extension 
algebra extension 
algebra extension 
unrestricted 


trivial 
trivial 
separable 
unrestricted 


semisimple, cosemisimple Hopf algebra 
Hopf algebra 
weak Hopf algebra 
bialgebroid 



isomorphic copies of the dual Hopf algebras in |19| in case R is trivial in a depth two 
strongly separable extension of algebras. We also provide an answer to a question 
in 1^ in the presence of depth two by showing that a biseparable (i.e. split + sepa- 
rable + f.g. projective) extension is quasi- Frobenius (QF). In Section 8 we extend 
the results in to an irreducible depth two Frobenius extension by finding an 
antipode S : A ^ A for a Frobenius bialgebroid over trivial centralizer. We prove 
that the action of A on M in is given by the analogous formula for the action 
of B on All. In our last section, we generalize the main results in |20 by showing 
that A and B are weak Hopf algebras dual to one another when i? is a separable 
algebra. We summarize the algebraic results to date in a table — with a remark 
that there is in principle room for many more entries in future investigations. 
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In this paper rings are unital with 1 7^ and ring homomorphisms preserve the 
units. A ring extension M\N in its most general sense is a ring homomorphism 
L : N ^ M , which induces a natural iV-iV-bimodule structure on M via n ■ m ■ 
n' L.{n)mL.{n'): the ring extension is proper if iV ^ M. The l is suppressed in 
the language of ring extensions. mPm denotes an Af-M-bimodule, and P^^ the 
centralizer subgroup {p G P\pm = mp,ym G M}, with the centralizer Cm{N) = 
being a special case. A ring extension M|A^ is said to have a property like 
(left) finitely generated (f.g.) if nM and have this property (respectively, 
just AfAf is f.g.). We denote P being isomorphic to a direct summand of another 
M-M-bimodule Q by mPm ®* = mQm- 
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1.1. H-equivalence and Morita theory. In this subsection, we recall a useful 
generalization of Morita theory which will fit perfectly with the centralizer theory 
of depth two ring extensions in Section 3. 

Recall that two rings T and U are said to be Morita equivalent if the category of 
left (or right) T-modules is equivalent to the category of left (or right) [/-modules. 
The following statements due to Hirata , generalize Morita's main theorems in 
a very useful and simplifying way. Let S" be a ring with right modules V and W. 

Lemma 1.1. IfWs®* = {V®---(BV)s, and we setT -.^ EndVs, U := EndWs, 
then the natural bimodules tVs, u^s? u^oiii{Vs,Ws)t , rHom (VFg, ys)^/ are re- 
lated by the following isomorphisms: 

1. a U-U -isomorphism fiT ■ Hom(V^s, Ws) ®t Hom (VFs, Vs) U via compo- 
sition; 

2. a U-T -isomorphism ip : Hom (Vs, T4^s) Honi ( rHom (VFs, Vs), tT) de- 
fined by J ^ {g^ go J). 

3. a U -S -isomorphism r : Hom (Vg, Ws) ®t V — ^ W given by f ® v ^ fi^)- 

4. a U -S -isomorphism l : W Hom ( ^Hom (VFs, V^), tV) via it; (/ 

/M). 

5. Hom (Vs , Ws) is a finitely generated projective right T -module and a generator 
left, U -module, while YioTa{Ws,Vs) is a finite projective left T-module and 
generator right U -module. 

6. Hom (Hom (^5,1^5)7, Horn (Fs, H^s)t) = [/ and 
Hom(c/Hom(W^S,l/s), t/Hom (VFs, ^s)) = U. 

Proof. We observe that there are a finite number of fi e Hom(Vs, VK5) and gi e 
Hom (W^5,Vs) such that fi o gi — idw- Define n^^{u) — ^^ufi ® gi. Define 
ip~'^{F) — J2i fi°P{9i)- The rest of the proof is quite similar and left to the reader 



il4|. □ 



The lemma has the following easy converse: if /iT is epi, then Ws * = ©"Vs- 
The lemma leads directly to Hirata's result 113] : 



Proposition 1.2. // both © * = ®^W and W ®"^V (in which case we say 

V and W are H-equivalent S -modules), then T and U are Morita equivalent rings 
with Morita context given by 

{uRom {Vs, Ws)t, rHom {Ws,Vs)u, l^T, tJ-u)- 

If Vs is f.g. projective and a generator, then Vs and Ss are H-equivalent, and 
End 1/5 is Morita equivalent to S via V and its right S'-dual V* . This recovers 
Morita's theorem. 

2. BlALGEBROIDS 

In this section, we define left and right ring-theoretic versions of Lu's _R-bial- 
gebroidA, an A-module algebroid M which has a measuring action and subring 
of invariants, and a smash product ring M yi A. In the final subsection, we in- 
troduce the i?-dual right bialgebroids B and B' of a left bialgebroid A, whose 
multiplicative and comultiplicative structures are defined on the right and left dual 
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spaces Horn {Aj^, Rn) and Horn {rA, rR). This section covers technical prehminar- 
ies about bialgebroids that might be consulted when needed. 

Lu's original definition of a bialgebroid |Q corresponds to our left bialgebroid 
below if all maps are in the category of fc-algebras. The necessity to introduce 
a left and a right version comes from the asymmetry of the bialgebroid axioms 
under the switch to the opposite ring structure. The axioms we use here for the 
right bialgebroid are those of Q , easily seen to be equivalent to the right-handed 
version of Lu's original axioms. 

Let i? be a ring. A right bialgebroid over R consists of the data and axioms: 

t s 

i. a ring A and two ring homomorphisms R°p — > A < — R such that s{r')t{r) 
= t{r)s{r') for r, r' G R. Thus A can be made into an i?-i?-bimodule by 
setting r ■ a ■ r' :— at(r)s(r' ). 

ii. i?-i?-bimodule maps I^: A ^ A ®r A and e: A R such that the triple 
(A, A,e) is a comonoid in the category rA4r. (Another name is i?-coring.) 

iii. A is multiplicative in the following sense. Although A (E)r A has no ring 
structure in general, its sub-bimodule 

AxrA:^ {X eA(SRA\ (s(r) ® 1)X = (1 t{r))X, Vr G i? } 

is a ring with multiplication (a (g) a'){a" (g) a'") = aa" (8) a' a'". Now we require 
that 

A: A-^ AxrA 

be a ring homomorphism. 

iv. e preserves the unit: £(1) ~ Ir, 

V. £ is compatible with the ring structure on A in the sense of the axioms 

e{t{e{aj)b) = e{ab) = e{s{e{aj)b) , a,beA. 



When discussing duals of bialgebroids in Subsection 2.4 we shall see that property 
(v) is dual to the unitalness of the coproduct, A(l) = 1® 1, which is part of property 
(iii) above. 

Without much comment we list the axioms of a left bialgebroid over R. It 
consists of 

1. a pair R ^ A ^ R°P of ring homomorphisms such that s{r)t{r') — 
t(r')s(r), r,r' eR 

ii. i?-i?-bimodule maps A: A A (E)r A and e: A ^ R where A is given the 
bimodule structure r ■ a ■ r' := s{r)t(r')a 
such that 

(ii/1) (A ® id^) o A = (id^ (g A) o A 
(ii/2) (£ ® id^) o A = id^ = (id^ e) o A 
(iii/1) A(a)(t(r) (g 1) = A(a)(l (g) s(r)), a e A, r e R 
(iii/2) A{ab) = A(a)A(6), a,b e A 
(iii/3) A(l) = 1 (g 1 

(iv) £(1) = 1r 

(v) s{as{e{b))) = e{ab) = e{at{e{b))), a,b e A. 
It follows from the i?-linear property of A that 

(1) A(s(r)) =s(r)0l, 



(2) 



A{t{r)) = 1 (gi(r), 
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for a left bialgebroid. Note that our convention is that s is a homoniorphism and t is 
an anti-homomorphism from R both for left and right bialgebroids. In the language 
of weak Hopf algebras Q s{R) corresponds to in the case of left bialgebroids 
but corresponds to A^ in the case of right bialgebroids. In particular, we see the 
formulas (|l|) and (||) are interchanged for a right bialgebroid. 

As for the relation of left and right bialgebroids we note that if {A, R, s, t, A, e) 
is a left bialgebroid then {A', R, s', t' , A, s) is a right bialgebroid where 

(3) A' = A°P, s' ^t°P: R~> A°p, t' = s°p : R°p A°p . 

On the other hand, passing to the opposite coring structure does not change 
"handedness". As a matter of fact if {A, R, s,t, A, e) is a left bialgebroid then 
^cop ._ R\s\t',A', e) is also a left bialgebroid where 

(4) R' = R°P, s' = t, t'^s 

thus the bimodule structure of r'A'j^i is the opposite of rAh, i.e., 

(5) ri-'a-'r2 = t{ri)s{r2)a = r2 • a • ri , ri,r2 e R, a e A . 
Applying the Sweedler notation a(i) (Xi a(2) for A(a) the coproduct of A'^°p is 

(6) A' = A''^' : a i-^ a(2) C^rop a(i) 

for which s is the counit. 

The same construction yields a right bialgebroid A'^°p from a right bialgebroid 

A. 

Example 2.1. If A is an algebra over a commutative ring R with s — t — u : R ^ 
A, the unit map, then a left or right i?-bialgebroid structure on A is just a bialgebra 




Example 2.2. A weak Hopf algebra A with left (or target) subalgebra A'" (a sepa- 
rable algebra) is a bialgebroid (indeed Hopf algebroid ||2^ ) over A^ ||] . Conversely, 
if ^ is a bialgebroid over a separable if-algebra R, where if is a field, then A has 



a weak Hopf X-algebra structure given in Proposition 9.4 and 



2.1. Module algebroids. The extra structure on a ring A which makes it a left 
(right) bialgebroid over R is precisely a monoidal structure on its category aM. 
{A4a) of modules together with a strictly monoidal forgetful functor to rMr (cf. 
|38[). Therefore the natural candidate for a "module algebra" over a bialgebroid 
A is a monoid in the category of ^-modules. More explicitely a left ^-module 
algebroid over a left bialgebroid {A, R, s, t, A, e) consists of 

• a left ^-module aM inheriting an R-R bimodule structure from the A-action: 
r ■ m ■ r' = {r ■ 1a ■ r') > m = s(r)t{r') > m 

• an associative multiplication fXM ■ M ®r M M , m (g) m' i— > mm' satisfying 

(7) a>(mm') = (a(]^) t> m)(a(2) > m'), a G A, m,m' £ M 

• and a unit rjM ■ R M, r ^ r - Im = 1m ■ ^ for the multiplication hm which 
satisfies 



(8) 



a > 1m = e(a) ■ 1m , a <E A 
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Note then that 

(9) (m ■ r)m' = m(r • m'), 

as well as r • (mm') — (r ■ m)m' and [mm') ■ r = m{m' ■ r). Notice that Eqns. (|^) 
and (^) express the fact that (M, iim iVm) is not only a monoid in rMr but also 
in aM. 

A right A-module algebroid over a right bialgebroid {A, R, s, t, A, e) consists 

of 

• a right A-module Ma inheriting an R-R bimodule structure from the A-action: 
r ■ m ■ r' ~ m < (r ■ 1a ■ r') = m -a t{r)s{r') 

• an associative multiplication iim ■ M M — > M , m >S> m' i—>- mm' satisfying 

(10) (mm')<a = (rn< a(i))(rn' < a(2)), a G A, m,m' € M 

• and a unit rjm : R —^ M , r ^ r ■ 1m = 1m • f for the multiplication which 
satisfies 

(11) 1m < a — Ia/ •£(«), aeA. 

A left A-module algebroid over the left bialgebroid A is the same as the right 
A°P-module algebroid over the right bialgebroid A°p. 

If is a left A- module algebroid over the left bialgebroid A then the opposite 
ring M°P yields a monoid in nopM^op such that M°p becomes a left A'^°P-module 
algebroid. 

Similarly, a right A-module algebroid Ma gives rise to a right A'^°^'-module al- 
gebroid M^Lp ■ 

2.2. The subring of invariants. Let aM be a module algebroid over the left 
bialgebroid {A, R, s, t, A, e). The invariants of M is the subset 

(12) M^ := {n e M\a > m = s{e{a)) !>m,ae A}. 
Notice that if n e M^ then 

(13) t{e{a)) >n = s{e{t{e{a)))) >n = s{e{a)) t> n = a\> n 

for all a ^ A. Therefore we obtain an equivalent definition if s is replaced by t in 
T2I). 



Lemma 2.3. For m £ M, n G A/"^ and a & A we have 

(14) a > {mn) — {a> m)n , a > (nm) — n{a > m) . 

In particular, it follows that is a subring of M . 

Proof. In the next calculation, we use one of the two equivalent definitions of in- 
variants, next the identity mim2 = (l(i) '>"t-i)(1(2) ^'^■2), then axiom (iii) of a left 
bialgebroid and finally one of the counit axioms. 

ao{mn) = (a(i) > TO)(s(£(a(2))) > n) = (l(i)a(i) > m)(l(2)s(£(a(2))) > n) 

= (l(i)i(£(a(2)))a(i) > m)(l(2) > n) = (a(i) • £(0(2)) > m)n 

= {a> m)n, 

and 

a>{nm) — t(£(a(i-))) l> n)(a(2) t> ?7i) — (n • £(a(i-)))(a(2) > m) 
— n(s(£(a(i)))a(2) > ?7i) = rt(a > to). □ 
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In a similar way the invariants of a right bialgebroid AIa can be written in two 
ways 

(15) 

M"^ = {n e M\m<ia — m<is{e{a)), a e A} — {n e M\m<ia ^ m<t{e{a)), a ^ A} 

and form a subring C M. 

Another important subring in a module algebroid is the sub- ^-module generated 
by the identity. For a left ^-module algebroid AI it is 

(16) := {a>lM\ae A}. 
It is the image of the map 

(17) Jm-.R^M, r^s{r)t>lM 

which is a ring homomorphism. As a matter of fact, t{r) >1m — s(£(t(7'))) >1m = 
s(r) > 1m therefore 

jM(r)jM(r') = (s(r)>lM)(i(/)>lM) 

= ((r -1 •/)(!) >lM)((r-lT')(2)> 1m) 

= s{r)t{r') > 1m = s{r)s{r') > 1m = s{rr') > 1m 

= jAiirr'). 

As a consequence of the lemma above, Af^ commutes with the invariants, 

(18) {s{r)>lM)n = n{s{r)>lM) r e R, e . 

For the module algebroids we shall consider in Sections ^ and || the IvP is actually 
equal to the centralizer of in M. 

2.3. The smash product. If A is a left bialgebroid over R and M is a left A- 
niodule algebroid then M is a right R module via m ■ r := mjM{r). 

Definition 2.4. The smash product M yi A of a left A-module algebroid aM with 
A is the ring with additive group M (^n A and multiplication defined by 

(19) (m >^ a){m' xi a') m(a(i) > to') x 0(2)^' • 
Analogously one defines A k M for a right A-module algebroid Ma- 

The multiplication is well-defined because of Eq. ^ and (2.iii). The maps 
iM'- m ^ m yi 1 and : a i— s- 1m x a are ring homomorphisms of M, respectively 
of A, into M XI A. One can check easily the relations 

(20) iM{'m)iA{a) — m » a , 

(21) tA{a)iMim) = (a(i) >to) X 0(2) . 

for TO e Af, a G A. The im is always an embedding by the following argument. 
Lemma 2.3 allows us to map M yi A into End M^r where N := M^, the subring of 
invariants, with A mapped into End ( nM^) C End Mat. As a matter of fact m x a 
acts on M as X{m)(a > —). Composing the ring map Af x yl — > EndAf^r with «m 
one obtains Am, the left regular representation of Af, which is faithful. Thus im 
must be mono and the smash product is always a proper ring extension of M. 

On the other hand, ia is not necessarily mono. If 1^(0) = then using the above 
map into End nM^ again we obtain that a>m = for all to £ M. By Eq. (pO[), 
TO X a = for all TO G M. So if either aM is faithful or if Mj^ is faithfully flat, then 
A embeds into the smash product M yi A via tA- 
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2.4. Duals. If A is a bialgebroid over R one may expect a bialgebroid structure 
on the dual bimodule A* or *A provided Ar or rA is finitely projective. The fine 
point here is that in taking duals one really has to take into account that A is not 
only a bimodule over R but carries 4 actions of R: multiplying either from the left 
or right by either sa(t') or tAiv). Comultiplications of left and right bialgebroids 
are bimodule maps with respect to two different (and disjoint) pairs of i?-actions. 
Multiplication, however, cannot be written as a bimodule map in either of these 
two categories but requires the use of "mixed" pairs of i?-actions. This is why in 
defining duals of a bialgebroid we have to use new bimodule structures of A and 
not those appearing before in comultiplications. 



2.4.1. The right dual A* . Let A be a left bialgebroid over R and assume that A^ 
is finitely generated projective. Recall that the right action of r G i? is a i— > tA{r)a. 
We shall denote by A^*^^ the i?-i?-bimodule which is the additive group A on which 
r G R acts from the left via a i— s- at Air) and acts from the right via a i— > tA{r)a. 
Thus the right i?-action of ^4'*^ coincides with the right i?-action on A dictated by 
the left bialgebroid structure. But the left action is different. We define the right 
dual of A as the right dual bimodule of A^^\ i.e.. A* = Hom (An., Rr) carrying the 
bimodule structure 



(22) {r -b-r^a) ■.^r{b,atA{r')) , b e A* , a e A . 

Here and below (6, a) denotes the canonical pairing, i.e., the evaluation of b on a. 
Now we make A* into a ring by defining multiplication via the formula 

(23) {bb',a) := {b\ {b, a^,^) ■ a^^)) ■ 

which is associative due to coassociativity of A^. Note with caution that • here 
denotes the ordinary i?-bimodulc structure on A: r ■ a — s{r)a. The multiplication 
has a unit 1^. = ea- 

If A* is going to be a right bialgebroid then the maps 

(24) SA'-.R^A*, r^lA' ■r = eAopA{tA{r)) 

(25) tA^:R°P^A% r^r-lA^^EAoXAisAir)) 

are ring homomorphisms. That this is indeed the case follows from previous iden- 
tities such as Eq. (||): 

(5sA*(r),a) = (sA-(r), (6,0(1)) • a(2)) = £^((6, 0(1)) • a(2)iA(7-)) 

(26) = (6,0(1) • eA(a(2)tA(r))) = (6,aiA(r')) = {b-r,a) 
{btA*{r),a) = (tA*(r), (6,0(1)) • 0(2)) = r£A((6, 0(1)) • a(2)) 

(27) = r(6, 0(i))£a(o(2)) = r(6, o) = {r-b,a) 
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For future convenience we list the five basic symmetry relations of the pairing, two 
of which have just been proved: 



(28) 


{b,tA{r)a) 


= {b,a)r 






(6, SA{r)a) 


= {b,eA{sA{r) 


• a(2)) 


(29) 




= {tA'{r)b,a) 




(30) 


{b, at Air)) 


= {bsA*{r),a) 






(6, asA{r)) 


= {b,SA{a{i)) 


■a{2)SAir)) 


(31) 




= {sA*ir)b,a) 




(32) 


{btA- (r),a) 


= r{b,a) 





In order to define comultiplication on A* we have to utilize that Ar is finitely 
projective. A consequence of this is that the natural map 

(33) A*®rA* ^ Hom((A(*)®flA(*))fl,i?K) 

6(g) 5' i~> {a' (»a^ {b- {b',a'),a)} 

is an isomorphism. Its inverse can be given in terms of dual bases {aj} of Ar and 
{6 J of rA* as / i-^ J2i,j f(.(^j ® «i) ■ ® ^j- 

Noticing that for any b ^ A* the map a' (g) a t-^ {b, aa') belongs to the above 
hom-group, a comultiplication 

(34) A^. : A* ~> A* (E)rA* , b^ ® 6(2) 
can be defined by requiring 

(35) (6(1) ■ (6(2), a'), a) — {b,aa'), b&A*, a,a'^A. 
In terms of the dual bases it can be written as 

(36) Aa- (6) = ■ ^0 ■ 

Now we turn to verifying the bialgebroid axioms for Aa* ■ 

A A* is a bimodule map by its very definition (a simple calculation with Eq. p5[ ). 
In order to see that its image lies in A* xr A* we compute 

{sA*{r)b(iy {b(^2),a'),a) = (6(1) • (6(2), a'), asA(r)) 

= (6, asA{r)a') = (6(1) • {b(^2),SA{r)a'),a) 

(37) = (6(i)-(tA.(r)6(2),a'),«) 

Now it is meaningful to ask whether the map A^* : A* ^ A* x r A* is a ring 
homomorphism. The proof of multiplicativity goes as follows (lines 6 to 7 below 
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requires Eqs. |2^, and g): 

• ((&&')(2), «'),«) = {bb',aa') = (6', (6, (aa')(i)) • (aa')(2)> 

(^a(i)a(i)) • 0(2)0(2)) 

= ((^1) ■ (&(2), »(!)), 0(1)) • a(2)) 0(2)) 

= (fe'(i) • (fe'(2),a(2))> (^1) • (&(2),a'(i)),a(i)) ■ a(2)) 

= ( (^1) • (^2),a(i))) (fc'(i) • (^'(2), 0(2))) ,a) 

= (^i)SA- ((6(2), a(i)))fo'(i)SA* ((6'(2), 0(2))), a) 

= (6(i)6'(i)SA- ((<A*((6(2),a(i)))6'(2),a(2))) ,a) 

= (^i)^'(i) ■ (^'(2),SA((6(2),a(i)))a(2)),a) 

= (^i)^'(i) ■ (^'(2), (6(2),a(i)) ■a(2))>a) 

= (6(i)6'(i) • (6(2)6'(2),a')>a) 

Preservation of the unit, A^* (1) = 1 (g) 1, can be seen as 

(1(1) • (1(2), a'), a) = {l,aa') = EAiaa') ^ eA{atA{sA{a'))) 
= (l,ai^((l,a'))) = {lsA.i{l,a')),a) 
= (l-(l,a'),a} 

We are left with constructing the counit for A* . Let 

(38) eA':A*^R, 6 (6, U) • 

Then ea" is an _R-_R-bimodulc map, 

EA'ir-b-r') = {hsA'{r')tA'{r)AA) =r{h,tA{r')) 
= reA'{b)r' , 

it satisfies the counit properties because 

(6(1) • £A-(6(2)),a} = (6(1) ■ (6(2), 1a), a) = (6, a) 
(£^•(6(1)) • 6(2),a} = (6(i),lA)(6(2),a) = (6(i),tA((6(2),a})) 
= (6(1) ■ (6(2), a), 1a) = (6, a) , 

it preserves the unit, 

eA-(lA-) = £^(1^) = Ir, 
and finally it is compatible with multiplication of A* , 

eA'{sA'{eA'{b))b') = (sA.((6,U))6',U) 

= (6', sa((6, Ia))) - (6', (6, Ia) ■ Ia) = (66', U) 

= eA*(66') 

eA'{tA'{eA'{b))b') = (6',sa((6,U))) 

= £^.(66'). 

What we have just proven is the following: 
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Proposition 2.5. If A is a left bialgebroid over R such that Aji is finitely generated 
projective then B := Horn {Afi, Rji) has a unique right bialgebroid structure over R 
such that 

(39) {bb',a) ^ (6',(6,a(i)).a(2)) 

(40) (5,aa') = • (5(2), a'), «) 
where ( , ) : B x A ^ R denotes the canonical pairing. 

2.4.2. The left dual *A. Let A again be a left bialgebroid but now assume that 

is finitely generated projective. For a ^ A and b E *A ~ Horn ( nA, nR) we denote 
by [a, 6] e i? the evaluation of b on a. As a bimodule *A is considered to be the 
dual bimodule of A'"^ where the latter is the additive group A on which r e i? acts 
from the left by a i— > SA{'r)a and from the right hy a ^ asA{r). Then similarly 
as in the above Proposition we can construct a right bialgebroid structure on *A. 
More precisely we have 

Proposition 2.6. If A is a left bialgebroid over R such that A is finitely generated 
projective then * A Horn ( j^A, rR) has a unique right bialgebroid structure over 
R such that 

(41) [a,bb'] = [a(i).[a(2),6],6'] 

(42) [aa,b] = [a, [a, • 6(2)] . 

The proof is very similar to the previous construction and therefore omitted. We 
only give here the symmetry properties of the [ , ] pairing: 

(43) [sA{r)a,b] = r[a,6] 

(44) [tA{r)a,b] = [aM'A{r)] 

(45) [asA{r)M = [a,s,A{r)h] 

(46) [atA{r)M = [a,bs'A{r)] 

(47) [a,t.A{r)b] = [a,b]r 

We note that both the ( , ) and [ , ] pairings are variations of Schauenburg's 
skew pairing r of jsi) with the caution that Q uses only left bialgebroids in our 
language. 

2.4.3. Duals of right bialgebroids. Left and right duals * B and B* of a right bialge- 
broid B can be introduced directly using the above notions of duals of left bialge- 
broids. Let i? be a right bialgebroid over R with Br finitely generated projective. 
Then its right dual B* is a left bialgebroid defined by 

(48) B* ((S°P)*)°P 

This means that B* — Hom (B^j, i?i{) as an additive group and its bialgebroid 
structure is to be read from the canonical pairing 

[a, fe] := a{b) for a G B*, 5 G S 



satisfying precisely the relations of the pairing [ , ] of Proposition 2.6. Now it is easy 
to verify that for a left bialgebroid A such that b.A is finitely generated projective 
the canonical isomorphism A = {*A)* of Abelian groups is in fact an isomorphism 
of left bialgebroids. In other words, if B is the left dual of A then A is the right 
dual of B. 
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The same conclusion holds for a left bialgebroid A such that Aji is finite projec- 
tive. Its left dual B — *yl is a right bialgebroid such that is finite projective 
and for such a i? a left dual can be introduced via 

(49) *B (*(S°P))°P . 

Denoting the canonical pairing oi b £ B with a € *B by {b, a) we obtain that ( , ) 



satisfies the relations of Proposition 2.5. Thus again if B is the left dual of the left 
bialgebroid A then A is the right dual of B. 

In Sections ^ and |^ we shall meet a situation when the left bialgebroid A has 
both a left and a right dual and they are isomorphic to a right bialgebroid B. In 
this case it is fair to say that A and B are dual pairs of bialgebroids. 

3. Depth 2 Ring Extensions 



In this pivotal section, we extend the notion of depth two from subfactors |12|and 
Frobenius extensions ]l9t to a conciser notion for any ringextension or homomor- 
phism N — > M. Depth two has equivalent formulations in terms of H-equivalence 
and quasibasis. We note that the H-separable extension defined in Q is a par- 
ticular example — and has a certain parallel theory developed by Sugano. The 
"step two centralizers" A := End at Mat and B := (M ®iy M)^ play a large role in 
the theory of depth two extensions. Our main theorem shows that the centralizer 
R := and "step three" centrahzer End n{M M)m are Morita equivalent 
with the step two centralizers as the Morita bimodules, and provides several results 
needed in later sections. 

The tensor-square M M, left and right endomorphism rings, End nM and 
EndMTv, of a ring extension M\N have the natural M-M bimodule structures given 
by m ■ X (E) y ■ m' = mx (E> ym' , {mrjm'){x) = •q{x'm)m' 

and ('mfm'){x) = mf{m'x) for m,m',x,y G M, rj G End jvM, and / G EndM^v, 
respectively. 

Definition 3.1. A ring extension M\N is called left depth two or left D2 if 

nM (g)jv Mm ® * ^ ©" nMm 
for some positive integer n; right D2 if 

mM ®n Mn e * = mMn 

for some positive integer m. 

M\N is called D2 if it is D2 both from the left and from the right. 

In particular, the natural modules mM ® M and M ® Mm are f.g. projective 
for a D2 extension M\N . 

Remark 3.2. If left D2, M and M ®n M are in fact H-equivalent as M ® iV°P- 
modules, since the multiplication mapping /i^v : M ®n M — > M is a split A^-Af-epi 
for any ring extension M\N . A similar statement is equivalent to the right D2 
condition. 

Example 3.3. A classical depth two subfactor N C M of finite index is of depth 
two by Proposition |6.2|. 
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Example 3.4. A centrally projective ring extension M\N is D2, since nM^Q)* = 
©" nNn and we may arrive at the definition above by tensoring from the left or 
right by mMn or nMm- In particular, if C Z{M), the center of M, and M is 
finitely generated and projective as a Ai"-module, then M is a D2 extension of TV, a 
"D2 algebra" over N . 

Example 3.5. An H-separable extension |Q M\N is D2, since its defining prop- 
erty is 

m(M ®n M)m ® * = ©" mMm- 

Let A := End nMn and B {M ®n M)^ . 

Lemma 3.6. N C M is left D2 iff there exist bi E B and (3^ E A (called a left D2 
quasibasis) such that 

^b] i»bfl3i{m) = m(K)l, meM. 

i 

N (Z M is right D2 iff there exist Ci E B and "fi E A such that 
7i(to)c- ® c,^ = 1 ® to , me M . 

i 

Proof. (Left D2 ^ existence of quasibasis.) Let tt : ©" nMm ~* nM ® Mm 
and a : atM (g) Mm ^ ffi" n^m denote the split epi and its section imphed by 
the definition. Furthermore, let {eijf^j^ be the standard basis of the free module 
©"Mm, and pi : (B""^ nMm nMm be the standard projections. Then we let 
bi := 7r(ei) where clearly bi E B. If ti : ^ nM ®m Mn denotes the map 

TO TO (8) 1, then we let (3i := pi o a o li E A. Then 

m® 1 = 7r(cr(ii(TO))) = ^7r(ei)/3,(TO) ^ ^b\ ® bj I3^{m) 

i i 

The rest of the proof is similar. □ 



Remark 3.7. If M is a finite dimensional fc-algebra with A^ = fcl, with dual bases 
Ci E M and Hi E M* = Homfe(Af, fc), then a left and right D2 quasibasis is given 
by f3i ^ = LTTi, bi ~ Ci 1m and Ci — 1m (E) Ci, where t : fc '-^ M is the unit map. 

For every m E M, we let A(to) E End Mat denote X{m){x) = mx and p{m) E 
End denote p{m){x) = xm. If r E R := Cm{N), we note that A(r),p(r) E 
End nMn = (End nM)^ ~ (EndMjv)^- In the sequel the _R-bimodule structure 
on A is understood to be r • a • r' = X{r)p{r')a. 

Proposition 3.8. // M\N is a right D2 extension, then End atM = A ®r M 

as N -M -bimodules via a m i— > p{m)a. If AI\N is a left D2 extension, then 
End Mm = M A as M -N -bimodules via m® a ^ A(m) o a. 

Proof. We claim that / i— > li®c\f{c^) for f E £' :^ End atM defines an inverse. 
Since E.7.("^)4/(c2) = /(m), we see that / = P(4/(cf ))7. € p{M)A. 
Similarly an inverse to the second statement is given by 

i 

for each f E £ := End Mn- □ 
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Proposition 3.9. If M\N is left or right D2, then 

(50) A = Horn jv- AT (M (g) AT M,M) 
via a ® P i — > (m ® m! ^ a{m)P{m')). 

Proof. The inverse mapping is given by 

(51) UouiN^NiM^N M,M) ^ A^rA, 

i 

since 

^ a{-)Pibl)b^ ® = ^ a ® (3{bl)b^P,{-) ^a^P 

i i 

and /(™ ® f'i)bil3i{'>n') — f{m ® m!) for each m, m' G M. We can carry out a 
similar proof with a right D2 quasibasis. □ 

Next is a main theorem for depth two extensions. We make use of the "step one" 
centralizer R, and "step two centralizers" A and B defined above; in addition, a 
"step three" centralizer C := End n{M M)m (cf. [H, |l|l). 

Theorem 3.10. If M\N is left D2, then C and R are Morita equivalent rings with 
invertible bimodules cBr and rAc in a Morita context. In particular, Br and rA 
are f.g. projective generators with the following isomorphisms: 

1. ^R : B ®R A C via b ® a ^-^ (m ® m' ^ ba{m)m'). 

2. ip : Br Horn ( rA, rR)r via b t-* {a ^ a{b^)b'^). 

3. T : B >g)R M ^ M ®M M defined by T{b m) = bm. 

4. t : M M Horn ( rA, rM) via i{m ® to') (a) — a{m)m' . 

5. C = Find Br via c'—^{bl—^ c(b)). 

6. C = End rA via 

(52) CI — > (a 1-^ ^(a idM)cii) 

where ti : M — > M ®jv M by rm-* m®l. 

Proof. First we note that R = EndAr-M(-M") via r X{r) with inverse / ^ /(I)- 
Next we note that Hom m-m{M, M ®m M) = B via / i-> /(I) with inverse b i — > 
(to i-^ bm). The bimodule structure on cBr is given by 

c-b-r = c{b^ ® b'^r). 

We next note that A = Horn n-m{M (X>Af M, M) via a ^ {m® m' ^ a{m)m') 
with inverse f ^ f ° ^i. The bimodule structure on rAq is given by 

r ■ a ■ c — A(r)/ijv(Q! ® idA/)cii . 

The rest follows strictly from the Lemma and Proposition in the introduction; 
however, we note some useful inverses to some of the isomorphisms above. 

(53) T~^(m ®m')^y^bi® (3^{m)m' 

i 

(54) >^-Hf)-Y.^i^bym 



(55) i;-\4>)^Y.^,m) 

i 

Dual bases for rA are given by {V'(&i)}, {Pi}- 



□ 
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By yet another application of Lemma 1.1 we prove in a similar way (but writing 



arguments to the left of a function) that if M\N is right D2, then the natural 
module bB and Ar^ where a ■ r = p{r) o a, are progenerators with corresponding 
isomorphisms, such as M (SjR B = M ® M via m®h ^ mb, 

(56) B ^ Hom(Afl,i?i^), b< — >{a^b^a{b^)) 
and 

(57) C^EndAR. 



From Prop. 3.8 and the theorem we easily establish 
Corollary 3.11. If M\N is D2, then 

(58) nS'm © * = ®'nMm, 

(59) m£n ® * = ®\iMn. 

We obtain a type of converse to the theorem by noting that if nn is epi, then M\N 
is left D2. Equivalently, rA f.g. projective, ip an isomorphism with C = End rA 
implies M\N is left D2. This shows that a classical depth two pair of semisimple 
algebras is left D2 and similarly right D2 [ p2[ . 

4. The Left Bialgebroid A and its Action 

In this section, we construct a left bialgebroid structure on the ring A — End nMn 
given a D2 ring extension Af |iV. This bialgebroid recovers Lu's endomorphism al- 
gebra example if N is trivial. Its underlying coproduct is given in terms of a left or 
right D2 quasibasis defined in the previous section. Its action on M is the natural 
action of endomorphisms. The fixed points of this action will be the image of N 
in Mif Mn is balanced, whose definition is recalled below. The right endomor- 
phism ring is in either case isomorphic to the smash product ring M xi A. For 
the next theorem, we recall that a right i?-modulc V is balanced if the natural left 
£ :— EndVp-module on V has left endomorphism ring naturally anti-isomorphic 

to i?: R ^ Endfl^. For example, if Vr is a generator (i.e. Rr_ — ®"Vn,), then 
Vr is balanced by the well-known Morita's lemma. 

Theorem 4.1. Let N M be a depth two extension of rings. Then A is a left 
bialgebroid over R with left action of A on M . If Mj^ is moreover balanced, then 
the subring of invariants under this action is N . 

More explicitly, the bialgebroid is {A,R,SA,'tA, Aa,£a) where 

(60) A = End nMn 

(61) R = CMiN) 

(62) SAir) = A(r) : m i-^ rm 

(63) tA{r) = p{r) : m i-^ mr 

(64) r ■ a ■ r' = X{r)p{r')a: m t-^ ra(m)r' 

(65) AA{a) = ^j^(»Rcla{c^,-) 

i 

(66) SA[a) = a(lA/) 

The A-module action on M is simply the action of endomorphisms, a>m = a{m). 
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Proof. At first we check the left bialgebroid axioms, 
is an i?-i?-bimodule map: 

IS.A{r-a-r') = igiR c^jra{c^-)r' 

= jj®Rc]ra{c''jbl)b^,p,{-)r' 

= jji-)c]ra{cpl)b^^RP.i-y 

= r■{a{-bl)b^®nf^^H)■r' 

Putting r = r' = 1 yields an alternative formula for the coproduct, 

(67) AAia)=a{-bl)b^®RPi 
which, when plugged back, gives 

A^(r ■ a ■ r') = r ■ A^(q;) • r' 

Coassociativity: 

(AA<8)idA)oAA(a) = (S>Rc]a{c^j - bl)bj pi 
(idAi8)A^)oA^(a) = ^j<»Rc]a{c]-bl)b'^i<»Rpi 
The property AA{a){p{r) (g) 1) = AA{a){l O A(r)): 
LHS = a{-rb])bl (^R Pi = 

= a{-b])bpj{rbl)b^^RPi 
= a{-bl)b1<^Rpi{r-) 
= RHS 

Multiplicativity of A^: 

AA{a)AA{a') = a{a'{-b])by,)b^ <E,r pi{Pj{-)) 

= Ik ®R cla{a'{clb])b]bl)b1 ■ A(/3,(-)) 

= lk®Rcla{a'{cl-)) 

= AA{aoa') 

Unitalness: A^(l) = 1 ^r 1 and £^(1) = Ifl are obvious. 
The compatibility of ea with multiplication: 

EAia o X{eA{a ))) = a{a'{lM)) = £^(0:0:') 

and the same for p instead of A. 

This completes the proof that A is a bialgebroid. 

Module algebra properties: A acts on M by the simple formula a>m := a{m). 
The induced i?-i?-bimodule structure on M is also the obvious one arising from R 
being a subring of M. 

(68) a{mm') = a(i)(m)a(2)(m') 

therefore multiplication fiM ■ M <S:r M — > M is a left j4-module map. 

(69) aolM = £a(Q!)1m 

therefore the unit rRr rMr is a left A- module map, too. This means precisely 
that M together with its ring structure, written as maps in rM.r^ is a monoid in 
aM., i.e., M is a left ^4- module algebroid. 
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The invariants are determined as foUows. First of all N C is obvious. On 
the other hand if m e M^, then /3i(m) — eA{l3i)m — f3i{l)m for each i, so for every 
il^€£ := End Mat, 

%l;[m) — ^{bl)bff3i{m) = tp{l)m, 
whence also o X(m'){m) — ip{m'm) — tp{m')'m for each m' G M. Thus, p(m) G 
EndfAf = p{N), and m ^ N. Only here in the last step have we used that Mn is 
balanced. □ 

We set down some equivalent formulae for the invariant subring, the proof of which 
are left to the reader. 

(70) := {n e M\a>n = eA{a)n, Va e A} 

(71) = {n e M\ao p{n) p{n) o a, Va G A } 

(72) = {n G Af I a o X{n) = X{n) o a, Va G A } 

Example 4.2. If M\N is an algebra extension with N = kl trivial and M finite 
dimensional, we recover Lu's bialgebroid A = EndfcAf ||2j, 3.4] since R = M. In 
case R is not semisimple, A is a bialgebroid over R which is not a weak bialgebra 
|9). This provides a wealth of examples of action by bialgebroids. 

Remark 4.3. For each a & A, its coproduct A^(a) may be considered a map in 
Hom N-jsi{M iSiN M, M) via Prop. We compute the simple form it takes: 

(73) A^(Q:)(m m') ='^^^i{m)c\a{c^m') — a(mrn'). 



Example 4.4. That Mjv should be balanced in the theorem is a necessary condi- 
tion, for consider M to be the algebra of 2-by-2 matrices over a field k with iV the 
upper triangular matrices. It is left as an exercise to show that R is trivial (/cIm), 
M|A^ is H-separable (therefore D2) since 1 ® 1 G (M (g)N M^' , and that 

£ := EndMAT ^ End nM ^ M (E)n M). 

Consequently A ^ i? is trivial, so = M ^ N . But Mjv is not balanced, since 
£M ^ mM and N ^ EndA/M = p{M). It is also worth a mention that M\N \s 
not Frobenius, nor even QF. 

We next note that the endomorphism ring of a left D2 extension M/N is iso- 
morphic to a smash product of M with the bialgebroid A. 

Corollary 4.5. End Mjv is isomorphic to a smash product ring M xA via m x a i-^ 
X{m)a. 

Proof. Define tt : M ><> A End A/jv by the mapping just given. By Proposition |3.8| , 
TT is a linear isomorphism of M (^jf A with End Af^r. We compute using Eq. mTh 
for X e M: 

7r((m x: a)(rn' x f3)){x) ~ 7r(ma(i) (m') x a(2)/3)(a;) 

= mQ(i)(m')a(2)(/3(a;)) 

— ma{m' (3{x)) 

— 7r(m X a) o T:(m' x (3){x) 

Hence, tt is a ring isomorphism. □ 
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Remark 4.6. Taking into account the corollary and the finite projectiveness of A 
over the centralizer R established in the previous section, we propose that a D2 
extension M is an S-Galois extension of A'' if M is a balanced A^-module. The 
justification for this terminology requires further investigation in a future paper. 



5. The Right Bialgebroid B 

In this section, we define a right bialgebroid structure on i? = {M (S)n M)^ based 
on the restriction of the Sweedler M-coring on M (g)jv M. However, the proof will 
again depend on a left or right quasibasis. In case iV is trivial, the right bialgebroid 
B is Lu's left bialgebroid on the tensor-square up to a twist by the antipode. The 
ring stucture on B is induced from an isomorphism B = Find m (M (i) n M) m ■ There 
is a natural right action of B on EndArAf with fixed points isomorphic to M°p. 

Let B = (M ®N AI)^ the elements of which are denoted b — ®b'^ suppressing 
a possible summation. _B is a ring with multiplication 66' — b' 6^ 6^6' and unit 
11 = 10 1. This multiplication does not extend to M (X>Ar M but M ®n M is a. left 
i3-module via 

(74) b ■ [m^m') ^ mb^ (^b^m' . 

The so defined ring homomorphism B — > End m-m{M ®is! M) is in fact an isomor- 
phism. The inverse is provided by / i-^ /(I ® 1). 

Let R be the centralizer of N in A/, R = Cm{N). Define the ring homomor- 
phisms 

(75) SB-- R ^ B, ssir) = l(8)r, 

(76) tB-. R°P S, tB{r) =r(g)l. 

Since we are going to make B ino a right bialgebroid over R we define its R-R- 
bimodule via the actions 

(77) r-b-r' = btB{r)sB{r') = rb^(g)b'^r'. 



Lemma 5.1. Let N —f M be a left D2 extension of rings. Then the tensor product 
bimodule B0B.B is isomorphic, as an R-R-bimodule, to {M M ^]\r M)^ where 
the bimodule structure of the latter is defined by r-{m®m'®m")-r' = rm®m' ®m"r' . 
An isomorphism is given by 

(78) i: B®rB -> [M ®N M ®N M)^ , b®b' ^ b^ ®b^b'^ ®b'^ . 

Proof. That z is a bimodule map is clear. To show that it is an isomorphism we 



write down its inverse using the left D2 quasibasis {6^, (3i\ of Lemma 3^ 



i^^{t)^^b^®R{(3^{t^)t^ ®Nt^), te{M®NM®NM)^ □ 

i 

Now the right bialgebroid structure on the ring and bimodule B is defined by 
the following coproduct and counit 

(79) Ab(6) = ;^(6,i®jv62) ®R iP^ib^) ®N b^) 

■i 

(80) £5(6) = b^b^ 

By the lemma, Ab(6) = 1^1(6^ 1 ® 6^). 
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Theorem 5.2. Let N ^ M be a D2 extension of rings. Then{B,R,SB,tB,^B,SB) 

is a right bialgebroid and End atM is a right B-module algebroid w.r.t. the action 
^<i6 := &^^(6^— ). The subring of invariants is p{M), the right multiplications with 
elements of M. 

Proof. At first we check the bialgebroid axioms: 

Coassociativity: Apply 13 : B®rB®rB {M®nM®nM®nM)'^ , b®b'®b" ^ 
b^<E>b'^b'^ (E)b''^b"^ i^b"^ to both hand sides of (As (g) ids) o As = (idij (g) As) o As 
and check that the result on a 6 G -B is 6^ 1 ® 1 6^ in both cases. (The inverse 

^ sends t € {M M M M)'^ into 

XI ®JV t^lj{t^)) OiJ Cj gB^rB^r B.) 

Counit properties: Obvious. 

The image of Ab is in the Takeuchi Xr -product, Ab{B) c B Xr B: 

= i-^ {b] (g) rb1(3i{b^) 6^) = i-^{b^ ^r^b^) 

and similarly 

(lOis(r))AB(6) =i-\b^ ^r^b^) 
Ab is multiplicative: 
Ab(6)Ab(6') = {b]bl ® 6?6|) ®fl {0j{b'')0i{b') bH'^) 
= (b]bl bfbpjib'')l3iib') bH'^) 

= i-^ {b'h\ ® b1f3,{b^) ® b^b'^) = i-\b''b^ ® 1 bH'^) 
= Ab(66') 

Unitalness: Ab(11) = 11 (g 1, £3(1) = 1 are obvious. 

£b is compatible with multiplication in the sense of axiom (v): 

£BitB{eB{b))b') = SB{{bH^ O O 6'')) = b'h^bH'^ = SB{bb') 

and the same for tB replaced by sb- 

This finishes the proof that B is a bialgebroid. 
Module algebroid properties: 

o e') < 6 = blab^p,{b')^'ib'-)) = < 6(1)) o (e' < 6(2)) 

The induced bimodule structure on End atM is r • ^ • r' = A(r) o ^ o A(r') 

idM<i6 = A(eB(6)) 

The invariants: 

(End jvM)^ := I ^ <3 6 = A(£b(6)) o ^ } 
Clearly ^ is an invariant iff 

b^ (8> ^{b'^m) = b\ ® blpi{b^)^{b^m) = b\ ® bl(3i{b^)b^(,{m) = b^® b'^^{m) 
for all m e M, 6 e B. Thus 

1 ^(m) = -fj{m)c] ® ^(c|) = jj{m)c] ® c|^(l) = 1 (g) mC(l) 



BIALGEBROIDS AND DEPTH TWO EXTENSIONS 21 

Applying multiplication ^(m) — m^(l) follows. Thus an invariant ^ = and 
belongs to p{M). The opposite inclusion is trivial. This proves 

(End nM)^ = p{M) □ 

□ 

Recalling the theory of the dual of a left bialgebroid in Section 2.6, we have: 

Corollary 5.3. B is isomorphic as bialgebroids over R to the right bialgebroid 
dual of A via the isomorphism in Eq. (fj^J . Similarly, B is isomorphic to the left 
bialgebroid dual *A via in Theorem 3.1(\ . 

Proof. We prove the first statement and leave the second as an exercise. Recall the 
nondegenerate pairing (6, a) = 6^a(6^). Let A* denote the right bialgebroid dual of 
A with T] : B ^ A* the linear isomorphism given by 77(6) = {b, — ). We note that t] 
is an i?-i?-bimodule homomorphism, since 

{r-b- r', a) = rb^a{b^r') = r{b, at{r')). 

77 is a ring homomorphism since 

{bb\a) ^b'h^a{bH'^) 

while 

{b', (6,a(i)) • a(2)) = &''&ia(i)(62)a(2)(&'') - b'h^a{b^'^). 
ry is a homomorphism of corings since 

{b,aa') = b^aa'ib^) 

= J2blaib^Prib')a\b')) 

i 

= ^(6,ft(6i)a'(62),a) = (6(i)-(6(2),a'),a). □ 

i 

Remark 5.4. There is also a right action of B on EndMjv given by ^ <i 6 :— 
5 (—6^)6^. It however satisfies 

(eoe')<j6= (?<6(2))°(^'<&(l)) 

Its invariants are also the right multiplications with elements of M. 

Remark 5.5. The coring {B, R,Ab,s) is a restriction of the Sweedler coring 

(M ®Ar M, M, A: M ®N M M 0Ar M ®N M, £ : M ®N M M). 

li N = kl for a ground field k with M finite dimensional, we recover Lu's 
bialgebroid B = M°p ®k M |2|, 3.1] up to a twist S. In this case, S is a Hopf 
algebroid, with antipodc S. 
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6. The Frobenius Case 

Depth two for Frobenius extensions is an important case to consider since the 
Pimsner-Popa orthonormal basis result shows that finite index subfactors are Frobe- 
nius extensions ^ |l^ . After recaUing the basic construction or endomor- 



phism ring theorem for Frobenius extensions in Proposition 3.1, we prove that the 
most usual classical definition of depth two in terms of a Frobenius extension M\N 
is a special case of depth two for ring extensions. We show that A = End at Mat and 
B = (M (Sat M)^ are Frobenius extensions over thecentralizer R. We introduce 
isomorphisms V'Aj ''Pb between A and B and the step two centralizers in the Jones 
tower above M\N denoted A and B, respectively. We prove an endomorphism ring 
theorem for D2 Frobenius extensions. 

Recall that a ring extension M\N is Frobenius if there is (a Frobenius homomor- 
phism) E g Horn jv_Ar(M, N) and (dual bases) Xi, yt S M such that J^i ^{xi)EX{yi) 
— iAm — X]j p{yi)Ep{xi). Throughout this section and part of the next, we assume 
M\N is Frobenius with this data. We recall several facts about M\N . 

Proposition 6.1. We have End Mat = M (g)jv M, which is a Frobenius extension 
over X{M) = M , with Frobenius homomorphism Em = M and dual bases {xi (8) 1}, 
{l^yi}- Moreover, End atM anrf End M^r are anti-isomorphic. 

Proof. The isomorphism T : EndM^v — > M (g^v is given by / J2i fi^i) ® Ui 
with inverse m®m' ^ \{m)E\{rn'). A multiplication on M ®m M is induced from 
composition of endomorphisms, the i?-multiplication given by {rn®rn')(rn'' ®rn''') = 
mE{m'm") ® m!" and unity li = X^i-^i ® Vi- anti-isomorphism is then given 

by 

(81) 0: End nM ^ M M, /^^a;,®/(yO 

i 

with inverse m ^ m' ^ p{m')Ep{m). The rest of the proof is somewhat standard 
(17|. □ 

We set ei = 1 1 and Mi := MeiM = M®n M. Note that Ah = End A/at via 
the M-M map induced by ei i-* £' and M identified with \{M). Note too the key 
identities 

(82) eiTOCi — eiE{m) — E(m)ei, EMimeim') — mm'. 

In this notation {xiCi}, {eiyi} are dual bases for Em G Hom m-m{Mi, M). 
We note then that A = End nMn = {M C^n M)^ via a^J2i "(^^O <^ Vi- 
If we iterate this (basic) construction, we construct M2 = Mie2Mi with e2TOie2 
= e2£'M(wi) = -£'M(wi)e2 and EMi{m\e2m\) = m\m\ for each mi € Mi. Note 
that M2 = Ml ®m Ml = M M ®N M. We arrive at a generalized Jones tower, 

N ^ M ^ Mi^ M2 ^ ■■■ 

with Temperley-Lieb generators G Mi such that 

(83) e^ei+iei = e-^M.+i, e.i+ieiei+i = e,j+i, eie^ = ejCi 

if |i — j'l > 1. Note that the are not the Jones projections even if they exist, 
7^ e^. For example if M|iV is not a split extension then there is no unit preserving 
Frobenius homomorphism E. However, the Temperley-Lieb generators exist for any 
Frobenius extension as shown above. 
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We also have the Pimsner-Popa relations: 
(84) niiei = EM,_A''T^i^i)^ii eiim = eiEu^^tieimi) 

for e Mj, i = 1, 2 and Mq := M. 

Introduce the notation A := Mi for the centralizer Cmi {N) in N ^ M ^ Mi. 
We introduce the canonical isomorphism -ipA of A = End nMn with A given by the 
restriction of J- above to A: 

a I — > y^^a{xi)eiyi, 

i 

with inverse a^eia^ i— > X{a^)oEoX[a'^). Similarly, let C := M^ , which is isomorphic 
as rings to the step three centralizer C introduced in Section 3. 

We first show that classical depth two extensions are depth two in the sense 
of this paper. It is known that a semisimple pair N C M over a field, where 
M has faithful trace T that restricts to a faithful trace on N, is a (split, separa- 
ble) Frobenius extension; cf. Prop. 2.6.2]. Also subfactors of finite index are 
Frobenius extensions by the Pimsner-Popa orthonormal basis result ||T^, ; these 
have semisimple centralizers. Of course, a module over a semisimple ring is always 
projective. 

Proposition 6.2. Suppose M\N is Frobenius extension, An and rA are f.g. pro- 
jective, and C = Ae2A. Then M\N is a depth two ring extension. 

Proof. We first show that Em ■ Mi M has dual bases in A. By the classical D2 
hypothesis on C, = J2k 0'ke-2bk for some a^, 6^ G A. Let mi e Mi, then: 

62^1 = ^e2TOiafee26fe = '^e2EM{rniak)bk. 

k k 

By applying Emi we arrive at mi — EM{'miak)bk', similarly, 
"^1 = X]/£ o.kEM{bkmi), so {a^}, {bk} are indeed dual bases for Em- 

It follows that Ml = AI (K)^ A as M-iV-bimodules via mi i-^ J^k EMijnio-k) ® bk 
with inverse mapping given simply hy m® a ^ ma: note that Em {A) C R. Since 
M®i^M = Ml and rA is f.g. projective, it follows that M\N is right D2. Similarly, 
Mi"^ A®rM ds iV-M-bimodules and M\N is left D2. □ 

Proposition 6.3. // M\N is a left or right D2 Frobenius extension, then Em ■ 
Ml M has dual bases in A. 

Proof. Let bi ^ B,f3i E Ahc a. left D2 quasibasis, then {bi}, Pii^j)^iyj} 
dual bases, obviously in M^ , for Em- As a matter of fact 

'^EM{nneim'b]eibf)l3i{xj)eiyj = '^mE{m'bl)b'^(3i(xj)eiyj 

= mE{ni'xj)eiyj = meim' 

for m, m' G M , and 

'^^b\eibfEM{fii{xj)eiyjTneim') — '^^b]eib1l3i{m)m' = meim'. 

i,j i 

The proof starting with a right D2 quasibasis is similar. □ 



Corollary 6.4. We have Mi = M (^r A via m a i-^ ma for each m G M, a G A. 
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Proof. An i nver se is given by mi i-^ J^i j EMimibi) (^r l3i{xj)eiyj G M (g) A hy 



Proposition 3.8. □ 



Similarly we show Mi = A (S)r M via a m i-^ am. If i? is a field coincident 
with ccntralizcrs of M and N as in , it follows from the proposition that Mi is 
f.g. free as a left or right natural M-module. 

Corollary 6.5. Mi is isomorphic to a smash product algebra: Mi = Af x A. 
Proof. Define 11 : MxiA ^ Mi by 11(771 xi a) — J2i ma{xi)eiyi for alia £ A, m £ M. 



We see then that 11 is a composition of two algebra isomorphisms, tt in Corollary 4.5 



and T above (cf. Proposition 6.1). □ 



From Section 3 we recall the step 3 centralizer C = Find n-m{M (^n M). 

Corollary 6.6. If M\N is D2 Frobenius, then the ring extensions R ^ A, r 
A(r) and C\A (given by Eq. (jj^j are Frobenius extensions. 



Proof. If M\N is Frobenius, we arrive at A\R Frobenius from the proposition 
by restriction of Em to A (identified with {a{xi)eiyi\ a G A}) and noting that 
Em (A) C R. Since C = End^A, we conclude from the (left) endomorphism ring 
theorem for Frobenius extensions fv^ that C\A via right regular representation is 
Frobenius. □ 

Conversely, A\R Frobenius implies £\M is Frobenius by Prop. If Mn is 

a progenerator, then a endomorphism ring theorem-and-converse assures us that 



M\N is also Frobenius (cf. |17 ). By the same token, A\R is Frobenius iff C\A since 
rA is a progenerator (Theorem S.lOj ). 



The next result is an endomorphism ring theorem for Frobenius D2 extensions, 
and answers a question posed at the end of p9[ |. 

Theorem 6.7. If M\N is a left D2 extension, then Mi\M is a right D2 extension. 
Similarly, if M\N is right D2, then Mi\M is left D2. 

Proof. We note the bimodule Mi M ^ given by 

(85) (777.61777') • 777" • n — mE{m'm")n, 

which is of course isomorphic to the natural bimodule fMjv where £ = EndM 



Now tensor from the left the first isomorphism in Def. 3.1 by this bimodule: 



m^M®n M®n Mm ®* = ^'^MiM'EiN Mm 
which is isomorphic to 

Ml Ml ®M MiM ®* = ©"a/iMim, 

the condition for Mi\M to be right D2. The second statement is proven similarly. 

□ 

Let B := Afj^, and note the canonical algebra isomorphism ipB : B = B given 

by 

i'sih) = ^ Xib^eib^e2eiyi 

i 

with inverse 

b^e2b^ ^b^EMib^ei) 
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{b^, e Ml) obtained by following the ring isomorphisms 

(86) = Hom m-m(Mi, Mi) ^ (M ®Ar M)^ 

via first the Frobenius map ^' : y > A(a;)i?M A(y), for each x,y ^ Mi, composed 
with the general map $ : / ^ /(1m ® Ia/) for each / e End m(Mi)m- The 
i?A/-inultiplication on M^^ is therefore identifiable with composition as well as the 
multiplication on B from Section 5. 

Now the endomorphism ring theorem for D2 Frobenius extensions may be used 
to show, in a similar way to the earlier propositions in this section, that Emi has 
dual bases in B, B\R°p is a Frobenius extension and M2 is a smash product of Mi 
and B. 



7. The Biseparable Case 

Suppose Af |iV is a Frobenius D2 i?-algebra extension where the centralizer R 
is trivial, i.e., coincides with the centers of M and N. In this case, A and B are 



bialgebras which are finitely generated projective over R by Cor. 6.6 and its analog 
for B. In this section, under the additional constraints that R coincides with a 
ground field and Af |iV is a biseparable algebra extension, we show (by means of 
anti- isomorphisms (fiA and 4>b) that A and B are isomorphic as bialgebras with 
the bialgebra structures on A and B defined in As a consequence, A and B 
are dual semisimple Hopf algebras with Galois (Ocneanu-Szymanski) actions on M 
and M°^, respectively. Finally, we drop the Frobenius assumption on M|iV and 
show by means of the techniques in Section 3 that a D2 biseparable extension is 
quasi- Frobenius (QF). 

The next proposition shows that A acts on M via the same formula as the Hopf 



algebra action of EndM-AfMi on Mi in |19, Eq. (21)]. The proof does not make 
use of the triviality assumption on R. 

Proposition 7.1. // M\N is Frobenius, then the action of A on M defined in 
Section 4 is the Ocneanu-Szymanski action, 

a>m = EM{amei). 

The algebra homomorphism tt : M » A ~> End A/jv given &j/ m x a i~> X(m){a > — ) 
is an isomorphism which fits into a commutative triangle with the isomorphisms 



given in Cor. \6.3l and Prop. 6.1. 



M ys A 



TT 



EndM 



N 



n 



Ml 



Proof. We let a £ (A/ M)^ be the image oi a E A under the isomorphism 
above. Then: 



EAiiamei) = EM{a{xt)eiy,mei) = EM{a{x^)E{y,m)ei) = a{m). 
The commutativity of the diagram is immediate from the definitions. 



□ 
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The bimodule action on A induced by R C M ^ Mi is given by the somewhat 
different formula r ■ a ■ r' = X{r)aX{r') (cf. Eq. (|63|)). However, the two bimodule 
structures coincide when R is trivial. 

We introduce two canonical anti-isomorphisms of (f>A : A ~^ A — Mi and 
<j)B ■■ B ^ B = Mi'' given by 

(/)A(a) = ^x^eia{yi), (j)B{b) = ^Xieie2b^eib'^yi. 

i i 

The Ocneanu-Szymahski action >' of B on Mi in Eq. (21)] is related to our 
action of B on £' — End nM via the anti-isomorphism (f) in Eq. (^Tj) as we see 
next. Again, we do not need triviality of R. 

Proposition 7.2. If M\N is a depth two Frohenius extension, then for every b € 
B, f e 

Proof. 

EMt{(i>B{b)(j){f)e2) = Emi {xieie2b^ eib^yjXjeif {yj)e2) 

hi 

= ^EMt{xieiEM{b^ eiE{b^y,Xj)f {yj))e2) 

i 

= Y.x,eib^f{b^yi) = ^(f<b). □ 

i 

A ring extension M\N is said to be biseparahle if Mjv and nM are f.g. pro- 
jective while M\N is a separable extension (i.e., fi : M M ^ A/ is split 
M-M-epimorphism) and a split extension (i.e., there is iV-bimodule V such that 
M = N (BV as iV-bimodules). If R is trivial, a biseparable Frobenius extension of 
i?-algebras coincides with the notion of strongly separable extension pj| . 

Theorem 7.3. If R is a field and M\N is a biseparable Frobenius R-algebra ex- 
tension of depth two, then A and B are dual semisimple Hopf algebras isomorphic 
to A and B, respectively. 

Proof. Since R is trivial, A and B are dual bialgebroids over R, it follows easily 
that A and B are dual bialgebras. We next note that the nondegenerate pairing 
(6, a) = b^a{b^) is equal to the nondegenerate pairing 

{(l)A{a),TpB{b)y := EMEMii-ipBib)eie2(t)A{a)) 

analyzed in 4.4], since: 

EmEmi i4'B{b)eie2(f)A{a)) = ^ EmEm^ {xib^eib'^e2eiyieie2Xjeia{y.j)) 

= y^^EMEMi{xib^eib^e2EM{eiE{yi))xjeia{yj))) 
= EM{xib'^eib^E{yi)xjeia{yj)) 

i,3 

= Y.b'E{b^xMy3)^{b,a). 

3 
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In Section 4] , it is shown that for a' £ A,b' e B 

{a', by = EMEMM'e2eiS{b')) {a',S{b'))" 

for antipode S : B ^ B. Now let ipB{b) — b' and a, a' 6 A. We compute that 
is a coalgebra homomorphism: 

{(j)A{a'),i)B{h[i)))'{(l)A{a),%l)B{b(2)))' = a')(^(2), a) 

= (6, a'a) 

= (0A(«)0A(a'),^(&'))" 

= (0A(a),5(6'(2)))"(0A(a'),^(&'(i)))" 

= (</'A(a')>&'(i))'('/'A(a),6'(2))', 

since 5* is coalgebra anti-isomorphism and by definition of A(6') in Finally, 
V'B preserves the counit: 

= EMi{e2EM{xib^ eib'^)eiyi) 

i 

i 

by triviality of i? and [^9[ 3.13, 4.3]. It follows that ij^B is a bialgebra isomorphism, 
whence B has an antipode. Semisimplicity of A and B follow from ||l^. A is then 
also a Hopf algebra since it is the dual of B. □ 

Moreover, the antipode is involutive, = id, by a powerful theorem of Etingof 
and Gelaki g. 

7.1. D2 biseparable extensions are QF. In this subsection, we no longer as- 
sume M\N is Frobenius: in fact, we will be interested in when D2 biseparable 
extensions are Frobenius. A depth one ring extension M\N is a centrally projective 



ring extension defined in Example 3.4: compare ||l^, 3.1]. It follows from Exam- 
ple 3.4 that a depth one extension is automatically D2. 

The following theorem answers Problem 3.8] for depth two extensions. A ring 
extension M\N is left QF (quasi-Frobcnius) if Af^v and nM are f.g. projective and 
nMI,j (B * = ®'"'nMm Similarly there is a notion of right QF extension with 
two-sided QF extensions being denoted by "QF." Of course, a QF extension is a 
weakening of the notion of Frobenius extension. 

It is already well-known and easily derived that a depth one (bi)separable ex- 
tension is QF (e.g., see in fact, it is Frobenius |3^). The same is true of depth 
two extensions: 

Theorem 7.4. A depth two biseparable extension is QF. 

Proof. Since M|A^ is separable, it follows easily that £\M (identified with A(Af)) 
is split with bimodule projection given by / f{xi)yi where Xi ® yt is a. 

separability element. Let mWm be the complementary bimodule satisfying £ = 



M (B W as Af-bimodules. By Corollary 3.11 for left D2 extensions we note that 
m£n ® * = (B^mMn. Then also mWn © * = ©"m-A^at. Since the canonical map 
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W iSiN M ^ W is a split right Af-epiniorphism by separability, it follows from 
nW Mm ® * = ©"jvM ®jv Mm and the definition of left D2 extension that 

nWm ® * = ©"atMa/. 

On the other hand, since M\N is split, we have M = N (BV for A^-bimodule V, 
so £ = Horn (Mtv, -/Vat (BVn); whence the isomorphism of 7V-M-bimodules, 

M Horn {Mn, Nn) ® Hom {Mm, Vn)- 

From the two displayed equations, we conclude that M*©* ^ ©™+iM as N-M- 
bimodules. Hence M\N is left QF. We prove similarly that a right D2 biseparable 
extension is right QF. □ 

By comparing with the definition of depth three in jl^, 3.1], we propose that a 
ring extension M\N be right depth three if sM ®m M Mjv and ®n Mn are 
H-equivalent modules; and left depth three if nM (^n M Ms' and nM (S)n Ms' 
are H-equivalent. We recall our notations £ = End Mn and £' = End nM. The 



following is proved in the same way as Theorem 6.7 



Proposition 7.5. A depth two extension is depth three. 



We propose the following problem in extension of Theorem 7.4: is a biseparable 
depth three extension QF or Frobenius? Yet another problem is to determine a 
reasonable definition of finite depth ring extensions. 

8. The Irreducible Case 

From we recall (and slightly extend the notion) that a if-algebra extension 
— > M is irreducible if the centralizer is trivial: R — KIm for K a commutative 
ground ring. In this section, we show that a depth two irreducible Frobenius exten- 
sion M/N has Hopf algebras A and B with bialgebra structure defined as before. 
Because of the results in Sections 6 and 7, this extends by entirely different means 
the main theorem 1.1 in [p^ . To be precise, we obtain the same results without the 
hypotheses of biseparability and field K; however, we introduce the new condition 
of Mn being balanced (as noted in Section 4) to obtain the fact that = N. 
Finally, we prove that B, resp. A, is iC-separable if and only if Af |iV is a separa- 
ble, resp. split, extension. For K a characteristic zero field, this implies that an 
irreducible D2 Frobenius extension is split iff it is separable. 

Theorem 8.1. Suppose M/N is a depth two irreducible Frobenius extension. Then 
A := End nMn and B := (M ®n M)^ are dual Hopf algebras acting on M and 
EndArAf respectively, with Mi = Af x A. 

Proof. From Section 4 recall that A is a left bialgebroid over R = K; whence a 



ii'-bialgebra which by Theorem 3.1C is a progenerator iC-module. We also recall 



that A acts on M with Mi isomorphic as rings to Af x A. From Proposition 2.5 



and Corollary 5.3, B is the bialgebra dual of A, since 

(66', a) = (6,a(i))(6',a(2)), {b,aa') = (6(i), a)(6(2), a'). 

It suffices then to show that A has an antipode. 

Let E : M —>■ N he SL Frobenius homomorphism with dual bases {xi}, {yi}, and 
bi, Pi be a left D2 quasibasis for M/N. We now claim that ij) : A ^ K defined by 
V'(q^) = Tlij ^{^j)yj^^ ^ Frobenius homomorphism satisfying 

(87) a(i)V'(a(2)) = V^(a)U 
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for every a ^ A. ^ is shown to be a Frobenius homomorphism by either noting 
that it co rres ponds to E^i restricted to A via the isomorphism A A given in 
Corollary |6.6| , or computing that {6ji?(6f — )}, {A}, are dual bases for t/i.Now we 
compute: 

a(i)V'(a(2)) = a{~h\)bf(3,{xj)yj 

= a{-Xj)yj 

= a[xj)yjidM = "0(0)1^, 

since Xi®yi& (M ®m M)*^, so a{mxj)yj = tp{a)m for m e M. 

We note next that E is left norm for the augmented Frobenius algebra {A, ip, e), 
since for each a E A: 

^(aE) = ^iE{x,))y, = a(l) ^ E{x,)y, = e{a). 

3 3 

Now it follows from Eq. and a standard lemma (due to Pareigis) that 

(88) S:A-^A, S{a) ^ E^,)^,{aE^2)) ^YEi-bl)bfal3,{x,)y, 

i,3 

is an antipode for A, since A := Y{o\nK{A,A) is f.g. projective algebra with 
respect to the convolution product * induced from A, clearly l^i * = 1^, whence 
S'*l^ = l_4. □ 

The theorem provides the key to computing formulas for the Hopf algebra struc- 
tureson A and B in Section 6] and its extension to the nonbiseparable case 
with commutative ground ring. For example, we show that the action of A on M in 
|l9| , expressed by a conjugation formula (Eq. 25), is indeed given by the Ocneanu- 
Szymahski action. Let S be the antipode induced from S" on A by the Hopf algebra 
isomorphism V'A(ct) = a{xj)eiyj (cf. Theorem 7.3). 

Proposition 8.2. For a E A and m E M, we have 

(89) i?M(amei) = a(i)mS'(a(2)) 

Proof. Let ipA (ct) — a for a E A. By Proposition it will suffice to compute that 
a(i)mS'(a(2)) — a{m)lMi- We compute using Eq. (p8[): 

0(1)7715(0(2)) = ^ a{xjbl)bfeiyjmE{xkbl)bl(3if3r{xs)yseiyk 

i,j,k,r,s 

= ^ a{xjbl)bfeiE{yjmE{xkbl)bl(3iPr{xs)ys)yk 

i,j,k,r,s 

= ^ a{mE{xkbl)blb\)b1l3il3r[xs)yseiyk 

k.r,i.s 

= ^ a{mE{xkbl)bll3rixs))yseiyk 

k.r,s 

= a{niE{xkXs))yseiyk 

k,s 

= Q!(m) ^XfeCij/fc = a(m)lMi, 

k 

since J^s PiPr{xs)ys E R = K. □ 
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We next note a criterion for when an irreducible D2 Frobenius and proper ex- 
tension M /N is split (i.e., iV © * = Af as A^-bimodules). 

Proposition 8.3. M/N is split <^ A is K -separable. 

Proof. Since M/N is Frobenius with Frobenius homomorphism : M ^ A^, it is 
split iff there is d € R such that E{d) — 1. Since R is trivial, d € K, so E{l)d — 1 
and e{E) = E{1) is invertible. Since £^ is a left norm in A, it is a left integral, or 
by direct computation for m G M and a E A: 

aE{m) — a{l)E{m) = e{a)E{m). 

But then A is X-separable iff e{E) is invertible (e.g., j2l], 5.2]). □ 

Similarly M/N is separable iff there \s d € R such that J^i^idyi = 1- Then 
Em{^Mi) = ^iVi is invertible in K . Now the multiplication in B yields 

(90) lM,b = b^xjeiyjb^ = In.b^b^ = lAhe{b), 

whence 1mi is a right integral for the Hopf algebra B. We then similarly complete 
the proof of the next proposition: 

Proposition 8.4. M/N is separable ^ B is K -separable. 



Next we conclude from Proposition ^ and Q 1.1] (cf. ]T9[ Fig. 2]) that M/N 



is a S-Galois extension of if-algebras, a generalization of M, Theorem 6.5]. We 
assume that Mn is balanced as used in Section 4. 

Corollary 8.5. An irreducible Frobenius extension of depth two is a Hopf-Galois 
extension. 

If X is a field of characteristic zero, it follows from the Larson-Radford theorem 
|22[ that ^ is a semisimple Hopf algebra over K iff its dual B is semisimple. From 
the propositions above we deduce: 

Corollary 8.6. Suppose K is a field of characteristic zero and M/N is an irre- 
ducible D2 Frobenius K -algebra extension. Then M is a split extension of N if and 
only if M is a separable extension of N . 

9. When A and B are Weak Hope Algebras 

In this section we assume that Af|iV is a depth two Frobenius extension of 
algebras over a field K where the centralizer R is a separable K -algebra. We provide 
a new characterization of separable algebra R as an index one Frobenius algebra; 
i.e., possessing a Frobenius system cj), a, fi such that J2i ^ifi = 1 ^'I'i J2i 4>{f^i)fi = 
r = X ■ ei(j){fir) for each r G R. We prove that under this condition on R the step 
two centralizers A and B have dual weak Hopf algebra structures. (For weak Hopf 
algebra theory, see |, |, 1^, ||, ||, ||.) It then follows ft om Sections 2-6 that 
the action of A on M is the usual action of a weak Hopf algebra as is End Mjv an 



ordinary smash product of weak Hopf algebra with its module algebra 1 29 . This 
generalizes the results in by removing the Markov trace on M, the conditions of 
biseparability and symmetric Frobenius on M|7V, and relaxing the condition that R 
be strongly separable. However, we note again that our approach yields N = M 



A 



by requiring that Mn is a balanced module. Finally we extend Propositions B.2 



and 8.4 to weak Hopf algebras in the case of ground fields. 



First we begin with two useful lemmas for Frobenius algebras. 
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Lemma 9.1. Suppose R is a Frobenius K -algebra and V is a right R-module. Then 
}1ouir{V,R) ^ }iomK{V,K). 

Proof. Let cj) : R ^ K he a Frobenius homomorphism with dual bases {ej} and 
{fj}. Then the mapping Iiomji{V,R) }iomK{V,K) given by / i-^ o / has 



Recall that a linear functional (jj : R —^ K is left (right) nondegenerate if (j){xR) = 
i(t)iRx) = 0) implies x = 0. 

Lemma 9.2. If K is a field and R is a finite dimensional K-algebra, then (j) : R 
K is left nondegenerate iff it is right nondegenerate. 

Proof. If (j) is left nondegenerate, then by dimension comparison, we see a; i— > 0a; 
is an isomorphism of A with its K-dual A*. Then we can find dual bases {e;}, 
{(f>fi} such that ^i<^(/i^) — ^ each r ^ R. Now if (f){Rx) — 0, then x = 



We say that a Frobenius algebra A' is index one if there is a Frobenius homo- 
morphism (f) : A —> K with dual bases {e,}, {fi} such that '^^Cifi = 1. Then 
J2i ^ /i is a separability idempotent and A' is if -separable. If is a trace, A' is 
moreover strongly separable in Kanzaki's sense e.g., finite separable field ex- 
tensions and indeed separable commutative algebras are strongly separable, hence 
index one Frobenius. However, the 2x2 matrix example in characteristic two in 
|l9| Footnote 3], also given below, is an index one Frobenius algebra which is not 
strongly separable. In fact, separable algebras over fieldsare all index one Frobenius 
as we see next. 

Proposition 9.3. A K -separable algebra R is index one Frobenius. 

Proof. More generally, a Frobenius extension AI'\N' is said to be of index one if 
there is Frobenius homomorphism E : M' N' with Watatani index [M' : N']e = 
J2i ^iVi — ^M', where {xi}, {t/i} are arbitrary dual bases for E. This is quite easily 
checked to be a transitive notion (cf. Prop. 2.1]). It is also easy to check that, 
first, K X ■ ■ ■ X K is an index one Frobenius ii'-algebra via 



and, second, that the tensor algebra A' ®k B' is index one Frobeniusif A' and B' 
are so. 

We recall the general fact of Hirata-Sugano that a Frobenius extension M'\N' 
with data E, Xi,yi as above is separable iff there is c? e Cm' {N') suchthat J2i Xidyi — 
1 (cf. 10). Next we consider a separable division algebra D' (i.e., its center Z{D') 
is a separable field extension of K) . Certainly, D' is a Frobenius algebra with Frobe- 
niushomorphism (f) : D' ^ K and dual bases e^, fi. Then there is invertible d E D' 
such that ^iEidfi = 1 where ei,dfi are dual bases of index one forthe Frobenius 
homomorphism (j>d~^. 

Since R is semisimple, we have the main Wedderburn theorem stating that 



where each Di is a separable division algebra. Since Di is an index one Frobe- 
niusalgebra and Mn-{Di) = M„. (if) Di, it remains to show thateach full matrix 
algebra Mn{K) is index one Frobenius, a proof in three parts. 



inverse given hy g ^ Y.i 9{-ei)fi- 



□ 



□ 




R = MnADi) X ••• X Af„,(A), 
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If the characteristic of K is zero, or prime p such that p does not dividen, then 
Mn{K) is Kanzaki strongly separable ||2^ and therefore index oneFrobenius. 

If charK > 3 and divides n, we modify the usual Frobenius coordinates 4'{X) = 
for X e Mn{K) with dual bases given by matrix units eij,eji as follows. 
Let -D be a diagonal matrix with first diagonal entry di := 2, the rest di := 1, then 
det D 7^ 0, and we may consider the Frobenius homomorphism (j)D~^ with index 

eijDcji = ^ djBu = (rfi H h dn)l = 1. 

hi hi 

Finally, if chariiT — 2 and n — 2''m where gcd(m, 2) = 1 and (j > 1, we note that 
Mn{K) = M2{K) ® M2q-im{K)- The proof then proceeds by induction on q if we 
show M2 (K) to be index one Frobenius. But this is the content of ||l9|. Footnote 3] 
where it is noted that (j){X) = Xu + X12 + X2ihas dual bases given by 

eii (X) 621 + ei2 ® eii + ei2 621 + 622 ® ei2 + 622 622 + 621 ® 622, 
clearly of index one. □ 

For the rest of the section, (j),ei,fi will denote index one Frobenius coordinates 
for a separable algebra R. Next we provide a converse to |^ and a proof for a 
left-handed version of p8| , 1.6], which states that a bialgebroid over an index one 
Frobenius algebra is a weak bialgebra. 

Proposition 9.4. Suppose R is a separable algebra and (A, R, s,t, A^, Sa) is a 
bialgebroid in the category of K -algebras. Then there is a weak bialgebra structure 
(A, A, e) defined below. 

Proof. We denote AA{a) = a(i) (E)r 0(2) as usual. Then we define the weak coprod- 
uct A : A ^ A ®K A and weak counit e : A ^ K hy 

(91) A(a) ^ i(e,)a(i) ® s{f,)a^2), 

i 

(92) e 0e^. 

We first check that {A, A, e) is a coalgebra by applying Eqs. |^ and ^. 
(id (g> A)A(a) = ^ i(e»)a(i) ® t{ej)s{fi)a(2) ® s{fj)a(^3) = (A ® id)A(a), 

since t{r)s{r') — s{r')t{r) for r, r' G R. Next, 

(£(g)id)A(a) = ^<?ii(eA(i(ej)a(i)))s(/,)a(2) = 

i 

^0(£A(a(i))ei)s(/i)a(2) = s(eA(a(i)))a(2) = a, 
and similarly 

(id £)A(a) = ^ t(ej)a(i)(?!)(/,£A(a(2))) = a. 
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Next we use property (iii) for left bialgebroids and J^j ^jfj = 1 to show that A 
is muftipHcative: for a,b G A, 

A(a)A(6) = ® ^(•^^)"(2)^(/j)^2) 

= X! ^(eOa(i)^(i) s{Ji)a(2)s{ejfj)b(2) = A{ab). 

Note that A(l) Y.i ti^t) ® Then: 
(A(l)®id)(id0A(l)) = ^t(e,)®s(/,)t(ej)®s(/j) = (id®A(l))(A(l)®id) = A2(1) 

i 

since i(r)s(r') = s{r')t{r). 

Next we estabhsh the weak muftipUcativity of the counit with the help of prop- 
erty (vii): 

e(a5(i))e(5(2)c) = ^ (/)(eA(ai(e06(i)))(?!'(eA(s(/i)6(2)c)) = 

i 

cj){eA{at{eA{b{2)c))b(^i))) = 0(eA(at(eA(fo(i))eA(fc(2)c)))) = 
(j){eA{abc)) = e{abc) 

£(a6(2))e(&(i)c) = ^(/)(£A(as(/,)6(2)))0(eA(t(ei)&(i)c)) = 

(/)(eA(as(eA(6(i)c))fe(2))) = (l){eA{as{eA{b(i)c)eA{b(2))))) = 
(/)(eA(as(eA(i(eA(&(2)))&(i)c)))) = e(a6c) 
Thus {A, A, e) is a weak bialgebra (cf. g). □ 

The corresponding formulas for weak coproduct and weak counit for a right 
bialgebroid [B , R, s,t, I^b^Sb) are given (as in 1.6]) by 

(93) A(&) =^6(i)s(e,)®6(2)t(/,), e^^oeb. 

i 

Let K again denote a field. 

Theorem 9.5. If M\N is a D2 Frobenius extension of K -algebras with centralizer 
R a separable algebra, then A and B are weak Hopf algebras dual to one another. 

Proof. Again let {4>, ej, fj) denote an index one Frobenius coordinate system for R. 
By the proposition, A and B are weak bialgebras over K with weakcoproducts and 
weak counits given by: (a G A, b G B) 

(94) A(a) = ^a(-6i)&?e,.55A(/,)A 

hi 

(95) e{a) = ^(a(l)) 

(96) A(6) = 5](6i«.jv&?e,)®x(/jA(6')®iv6') 

hi 

(97) e{b) = (f>{b^b^) 



As we have seen in Lemma 9.1 and Section 3, there is a nondegenerate pairing 
obtained from composing B = Rom r{A, R) = Rom k{A,K) given by (one of two 



34 



LARS KADISON AND KORNEL SZLACHANYI 



choices) : 

(98) {b,a) ■.^(f>{b^a{b^)). 

We check that the weak bialgebra structures on A and B are dual to one another 
with respect to (, ): (6, c E B) 



(6,a(i))(c,a(2)) = ^0(6ia(626i)62e,)0(cV,/3,(c2)) 

= cf){c^b^a[b^b])bpj{c^)) 
= (j){c^b^a{b'^c^)) = {bc,a) 
since 4'{rei)fi = r for r G i? and be = c^b^ (X) b^c^. Also, (a, a G A) 

(5(1), a) (5(2), a) = cj,ibla{bUjmfjMb'Mb^)) 
= <l){b]a{bil3db')a{b^))) 
= (l){b^aa{b'^)) = {b,aa) 

Finally, 

{lB,a)=cp{a{l))=e{a) 

and 

(6, U) = (/.(6162) = e(6). 

Hence, A and i? are dual weak bialgebras. 

We note that A and B are finite dimensional, for R is finite dimensional by 
assumption and M\N , therefore Mi\M, are finitely generated extensions. But 
Mi\M has dual bases identical (up to the isomorphism i/;^) with dual bases for the 
extension A\R (cf. Section 6), whence A has finite if-dimension. It then suffices 
to show that A has an antipode. For this we will make use of the part of 
Theorem 4.1]: 

A finite dimensional weak bialgebra A is a weak Hopf algebra iff there 
is a nondegenerate left integral in A. 

We compute the projection : A A^ onto the left (or target) subalgebra of 

A: 

n^(a)=£(l(i)a)l(2) = ^e(p(e,)a)A(/0 

i 

(99) = 0(a(l)e,)A(/.) = A(a(l)) 

Recall that an element £ € A is left integral if al — Ii'"{a)t for every a E A. 
The Frobenius homomorphism E e Hom n-n{M, N) End n-n{M) is such an 
element: (m G M) 

(100) aE{m) ^ a{l)E{m) aE = X{a{l))E = {a)E 
for each a E A. 

Recall that a left integral £ in A is nondegenerate if the two maps of -B — > A 
given by 



b ^ ^-5= (6,^(l))^(2) 

b ^ 6-^ = ^(1) (5, £(2)) 
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are isomorphisms. However, by Lemma 9.2 and finite dimensionality, it will sufRce 



to check that the simplest of these two maps is surjective. We compute: (6 G B) 



- 6 = V c^{h^E[h'b])hle,)f,p., - b'E{h^-) =E<b. 



Given a & A, choose b := J2j (^{^j) ® Vj ^ B and note that E <ib — a. Thus, E 
is nondegenerate left integral in A, and A is a weak Hopf algebra. By duality for 
weak Hopf algebras, B is isomorphic to the dual weak Hopf algebra of A. □ 

Under the hypothesis that M is a Frobenius D2 extension with separa- 

ble centalizer R such that Mm is balanced, we have the following equivalence of 
separability for quantum algebra and proper algebra extension. 

Corollary 9.6. M\N is split (resp., separable) if and only if A (resp., B) is K- 
separable. 

Proof. Since A'I\N is Frobenius, we have noted in Section 8 that M\N is split 
iff there is d G Cm{N) such that E{d) — 1. But the element of A giv en b y 
Ed : X ^ E(dx) {x G M) is a left integral via a simple calculation as in Eq. ( |lOO[ ). 
And by Eq. (p^ ) Ed is a normalized left integral, whose existence is by Theorem 
3.13] equivalent to A being i^-separable. 

Conversely, if £ G ^ is a normalized left integral, the mapping m £>m is easily 
seen to induce an A^-bimodule splitting map for N ^ M since TV = M^. Whence 
M\N is a split extension. 

If M\N is separable Frobenius (though not necessarily proper), then there is 
d G Cm{N) such that Ylj ^jd-Vj ~ 1- We compute that Ylj Xj®dyj is a normalized 
right integral in B by noting that 

H^(6) = = Y,b\®bfe,cl^{f,m)b^b-') = iBSnib), 

and a computation as in Eq. (|90|). 

Conversely, given a normalized right integral f3 G B, we induce a splitting map 
• < /3 for p : M ^ . Then Mi\M is split. Since Cm{N) is anti-isomorphic with 
Cm, (M) via 

i-^ ^ Xideiyi, 

i 

there is d' := X^i^^ideiyi G Cmi{M) such that EM{d') = J^i^i^Vi = 1 where 
d G Cm{N), i.e., M\N is separable. □ 
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